Abstract. All unitary Rational Conformal Field Theories (RCFT) are conjectured to be related to unitary Coset Conformal Field Theories, i.e., gauged Wess-ZuminoWitten (WZW) models with compact gauge groups. In this paper we use subfactor theory and ideas of algebraic Quantum Field Theory (QFT) to approach Coset Conformal Field Theories. Two main conjectures are formulated and their consequences are discussed. Some results are presented which prove the main conjectures in special cases. In particular, one of the results states that an interesting class of representations of Coset W N (N ≥ 3) algebras with critical parameters are irreducible, and under the natural fusion product (Connes' fusion), they generate a finite dimensional fusion ring whose structure constants are completely determined, thus proving a longstanding conjecture about the representations of these algebras . §1. Introduction for some results on certain rings which seem to be invisible in other approaches. In view of the importance of Coset CFT among all RCFT, it is natural to use this unitary formulation to study unitary Coset(G/H) CFT, and this is the main purpose of this paper. We will describe in more details about the paper. In §2.1, We define the Vacuum sector (also known as conformal precosheaf in [GL]) and representations of the vacuum sector (superselection structures in the language of Algebraic QFT). We then show how Coset(G/H), with G a compact Lie group and H a Lie subgroup of G, naturally gives rise to a vacuum sector (Prop. 2.1) together with an interesting class of representations. This vacuum sector is then defined to be the vacuum sector of Coset(G/H) CFT and the study of the representations is a mathematician's way of studying the CFT. As a first step we proved in Th.2.3 an irreducibility result in our setting by using Vertex Operators (cf. [KT] or [Kacv]). To do this we show in Prop. 2.3 that certain "smeared" Vertex Operators are affiliated with some von Neumann algebras. The idea of affiliation was first used in [Mv]. Note that these "smeared" Vertex Operators are generally unbounded operators and one must be careful with the formal manuplations of them. Prop.2.3 is proved by using a series of lemmas (lemma 1-6). It can be seen from the proof that the Vacuum sector for Coset G/H CFT as defined on P.67 of [Kacv] can be thought as "germs" of of our Vacuum sector.
§1. Introduction
Conformal field theories (CFT) in two dimensions (cf. [MS] ) have attracted great attention among mathematicians in the recent years. A large class of CFT known as Rational CFT (RCFT) are more amenable than general CFT and the classification of RCFT is an outstanding open problem.
Coset CFT is a gauged Wess-Zumino-Witten (WZW) model with a gauge compact Lie group G where H, a subgroup of G, is gauged (cf. [Witten] ). It has been conjectured (cf. [MS] , [Witten] ) that all RCFT (except perhaps Orbifolds, which are relatively better understood and also similar to the Coset CFT, cf. Page 428 of [MS] ) are related to Coset(G/H) CFT. In the literature there has been several different mathematical approaches to CFT, see, for an example, [DL] for an approach by using Vertex Operator Algebras (cf. [B] ). However, in the case of WZW model with a compact gauge group G , there is a manifestly unitary formulation of these unitary CFT by using subfactor theory (cf. [J] , [W1] and [L1] ) and ideas from algebraic Quantum Field Theory (QFT) (cf. [Haag] ). This formulation has various advantages besides producing the expected results, see, for an example, [X1] , [X2] for some results on certain rings which seem to be invisible in other approaches. In view of the importance of Coset CFT among all RCFT, it is natural to use this unitary formulation to study unitary Coset(G/H) CFT, and this is the main purpose of this paper.
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We will describe in more details about the paper. In §2.1, We define the Vacuum sector (also known as conformal precosheaf in [GL] ) and representations of the vacuum sector (superselection structures in the language of Algebraic QFT). We then show how Coset(G/H), with G a compact Lie group and H a Lie subgroup of G, naturally gives rise to a vacuum sector (Prop. 2.1) together with an interesting class of representations. This vacuum sector is then defined to be the vacuum sector of Coset(G/H) CFT and the study of the representations is a mathematician's way of studying the CFT. As a first step we proved in Th.2.3 an irreducibility result in our setting by using Vertex Operators (cf. [KT] or [Kacv] ). To do this we show in Prop. 2.3 that certain "smeared" Vertex Operators are affiliated with some von Neumann algebras. The idea of affiliation was first used in [Mv] . Note that these "smeared" Vertex Operators are generally unbounded operators and one must be careful with the formal manuplations of them. Prop.2.3 is proved by using a series of lemmas (lemma 1-6). It can be seen from the proof that the Vacuum sector for Coset G/H CFT as defined on P.67 of [Kacv] can be thought as "germs" of of our Vacuum sector.
Based on physicists' argument and well known examples, in §2.4 two main conjectures are formulated about these representations. The first conjecture states that the representations generate a finite dimensional ring under the fusion product which is manifestly unitary in the setting of §2.1, in other words, the CFT is really "rational". The second conjecture is a formula about the square root of the index or the statistical dimension of these representations in terms of certain limits of characters, referred to as "Kac-Wakimoto" formula in [L5] . Both conjectures are highly nontrivial. In particular, the second conjecture implies Kac-Wakimoto conjecture in §2 of [KW] .
We also define what we mean by "Coset W-algebras with critical parameters " in our setting. The usual "Coset W-algebras" with critical parameters defined by using Vertex Operator Algebras (cf. [Kacv] ) can be clearly seen as the "germs" of ours from the proof of Prop.2.3.
The rest of the paper is devoted to the proof of the two main conjectures in special cases.
§3 is about proving finite index by using certain commuting squares which play an important in the type II 1 subfactor theory (cf. [Po] , [We] ). However, we will consider factors of type III 1 . First we introduced a notion of co-finiteness for a pair H ⊂ G. The interest in such a notion is due to the fact that if H ⊂ G is cofinite, then the representations for the Coset H ⊂ G as defined in §2.1 have finite statistical dimension, which is part of Conj.1. Prop.3.1, which follows from the commuting squares in Lemma 3.1, is a key observation of this paper. It implies that if H 1 ⊂ H 2 ⊂ G and H 1 ⊂ G, is cofinite, then H 1 ⊂ H 2 is cofinite. This leads to an infinite series of cofinite pair in Cor.3.1.
§4 can be considered as an application of [X1] and [X2] given the results of §3.1. We first recall some of the results of [X1] which are used in §4.2 to determine certain ring structures. These results are summarized in Th.4.1. Prop.4.2 is the key observation in §4. It allows one to study the representations of Coset G/H by using the theory which has been developed for G and H in some cases. Then we prove Th.4.2 which states that for a pair H ⊂ G, if the results of [W2] hold for H and G, and if a weaker version of Conj.2 is true, then Conj.1 is also true. This result and Cor.3.1 imply Conj.1 for the infinite series in Cor.3.1 (Cor.4.2) .
In §4.3 we study certain cosets corresponding to diagonal inclusions by using Th.4.2 and prove in Th.4.3 that Conj.2 is true for these cosets . We also prove in Th.4.3 certain irreducibility result.
The results in Th.4.3 in the special case of Coset W N algebras with critical parameters have been long anticipated in both mathematics and physics literature. In fact these results are similar to part of the conjectures in §3 and 4 of [FKW] , which are conjectured for what is know as "W-algebras", and they are closely related to Coset W -algebras in the Vertex Operator Algebra sense (cf. [Watts] ), however the fusion products are not defined in the setting of [FKW] (cf. P. 2 of [FKW] ).
In §4.3 we present more examples by using Th.4.2. The first example is the Coset G/H where H is the Cartan subgroup of G, and G is of type A. This Coset is related to Parafermions (cf. [DL] ). We then consider the "Maverick" Coset model considered in [DJ] and determine the relevant ring structure. §2. Coset CFT from Algebraic QFT point of view 2.1 The vacuum sector and its representations. In this section we recall the basic properties enjoyed by the family of the von Neumann algebras associated with a conformal Quantum Field Theory on S 1 (cf. [GL] and [FG] ). By an interval in this section we shall always mean an open connected subset I of S 1 such that I and the interior I ′ of its complement are non-empty. We shall denote by I the set of intervals in S 1 . A Vacuum sector or an irreducible conformal precosheaf A of von Neumann algebras on the intervals of S 1 is a map I → A(I) from I to the von Neumann algebras on a Hilbert space H that verifies the following property:
A. Isotony. If I 1 , I 2 are intervals and I 1 ⊂ I 2 , then
B. Conformal invariance. There is a nontrivial unitary representation U of G (the universal covering group of P SL(2, R)) on H such that
The group P SL(2, R) is identified with the Möbius group of S 1 , i.e. the group of conformal transformations on the complex plane that preserve the orientation and leave the unit circle globally invariant. Therefore G has a natural action on S 1 .
D. Locality. If I 0 , I are disjoint intervals then A(I 0 ) and A(I) commute. The lattice symbol ∨ will denote 'the von Neumann algebra generated by'.
E. Existence of the vacuum. There exists a unit vector Ω (vacuum vector) which is U (G)-invariant and cyclic for ∨ I∈I A(I).
F. Uniqueness of the vacuum (or irreducibility). The only U (G)-invariant vectors are the scalar multiples of Ω.
Assume A is a vacuum sector as defined in above. A covariant representation π of A is a family of representations π I of the von Neumann algebras A(I), I ∈ I, on a Hilbert space H π and a unitary representation U π of the covering group G of P SL(2, R), with positive energy, i.e. the generator of the rotation unitary subgroup has positive generator, such that the following properties hold:
A covariant representation π is called irreducible if ∨ I∈I π(A(I)) = B(H π ). By our definition the Vacuum Sector is in fact an irreducible representation (cf. [GL] ) of itself and we will call this representation the Vacuum representation. A unitary equivalence class of representations of A is called superselection sector.
The composition of two superselection sectors, similar to correspondence , fusion product or the Connes's fusion (cf . [W2] ), can be defined (cf. [FG] or [GL2] ). The composition is manifestly unitary and associative, and this is one of the virtues of the above formulation. Now Let G be a simply connected simple compact Lie group and let H ⊂ G be a Lie subgroup. Let π i be an irreducible representations of LG with positive energy at level l on Hilbert space H i . Suppose when restricting to LH, H i decomposes as:
, and π α are irreducible representations of LH on Hilbert space H α . The set of (i, α) which appears in the above decompositions will be denoted by exp. We shall use π 0 (resp. π 0 ) to denote the vacuum representation of LG (resp. LH). Let Ω (resp. Ω 0 ) be the vacuum vector in π 0 (resp.π 0 ) and assume
with Ω 0,0 ∈ H 0,0 . We shall always assume that H ⊂ G l is not a conformal inclusion since the case of conformal inclusions has been considered in [X1] . According to [KW] , this is equivalent to the fact that H i,α in the above decompositions are infinite dimensional.
For each interval I ⊂ S 1 , we define:
, where P is the projection from H 0 to closed subspace H spanned by
Proposition 2.1. A(I) as defined above is a Vacuum Sector.
Proof. We have to check conditions A to F. A follows from
, and B follows from a global form of [GKO] as on Page 18 of [W2] . Note that since we always assume H ⊂ G is not conformal, the action of G is nontrivial. C also follows from [GKO] (also cf. [KW] ). F follows from the uniqueness of the vacuum Ω for
LG. E follows from the definition.
We shall define A(I) to be the Vacuum Sector of the Coset (G l /H) CFT where l is the level of the representation LG. Note that when H = e is a trivial subgroup, the Vacuum Sector defined above coincides with the one defined in [FG] . It follows from [FG] and Prop. 1.2 of [GL] 
′′ is a hyperfinite type III 1 factor and the only fixed points of the action of the modular group with respect to Ω are the scalar multiples of Ω. Since the modular group action is geometric, it fixes globally
′ is also a type III 1 factor (also cf. Page 31 of [W2] ). It follows that
is an isomorphism and can be implemented by a unitary
Let us define a class of covariant representations of A(I) coming from the decompositions of irreducible representations π i of LG with respect to LH. By [W3] (for the case when G is simply laced see [FG] and when G is type A see [W2] ), the representation π i of L I G and π 0 of L I G are unitarily equivalent, i.e., there exists a unitary map U :
It is easy to verify this gives a factor representation of A(I). Let P i,α be a projection from H i to a subspace H i,α ⊗ Ω α where Ω α is a unit vector in H α . Then
is a subrepresentation of the factor representation π i . It is easy to verify that π i,α are covariant representations of A(I). The study of these representations is the main purpose of this paper. We end this section with the following :
Since p commutes with LH, p ∈ ⊕ 0,α B(H 0,α ) ⊗ id α . Note that by [GKO] the generator of the rotation group acts on H 0,0 ⊗ H 0 as D 0,0 ⊗ 1 + 1 ⊗ D 0 , where D 0 is the generator of the rotation group which acts on H 0 . Since Ω = Ω 0,0 ⊗ Ω 0 is the unique (up to scalar) lowest energy vector with energy 0, it follows in H 0,0 , the vacuum representation of A(I) appears once and only once, and so pΩ = λΩ for some λ ∈ C. Since Ω is separating for π
Note that in the proof above we use the fact that in H 0,0 , the vacuum representation of A(I) appears once and only once. We shall see in the next section that π 0,0 is indeed the vacuum representation under general conditions. The idea of the proof is to use "smeared" Vertex Operators. From the proof one can also see the close relation between our Vacuum Sector and the definition of coset Vacuum Sector in [Kacv] . In fact, the coset Vacuum Sector in [Kacv] can be thought as "germs" of ours.
We will assume G is simply laced first. The case when G is not simply laced will be treated at the end of this section.
We will use the notations of [KT] . Let g (resp.h) be the Lie algebra of G (resp.H). Assume g = Lie(G) = g 1 ⊕ ... ⊕ g m , where each g i , i = 1, ..., m is simple. For X ∈ g, X(z) := n X(n)z −n−1 as on Page 311 of [KT] and
and choose a basis e α , e −α , h α in g C with α ranging over the set of roots as in §2.5 of [PS] . Let X α := e α + e −α , Y α := i(e α − e −α ).ĝ is the affine algebra associated with g, and let D be the generator of the action of the rotation group.
Let π 0 be the vacuum representation of LG on H 0 . For ξ ∈ H 0 , we define 
, where the sum is finite and n i ≥ 0. Since g is semi-simple, g = [g, g], so any X(n), n > 1 can be expressed in terms of linear combinations of the form X(1)Y (1)...Z(1). Because Ω is the Vacuum, X.Ω = 0, ∀X ∈ g, so in
, if certain X ∈ g appears, we can always move X to the right until it vanishes when acting on Ω. For the above two reasons, we can assume that n 1 = ... = n t = 1. The Vertex Operator V (ψ, z) is then given by:
, where :, : are normal ordered products (cf. [Kacv] ).
m be a test function with only a finite number of non-zero f m . Such f will be referred to as finite energy functions. The smeared operator V (ψ, f ) is defined to be:
* be the formal adjoint of V (ψ, f ) on H 0 0 . When no confusion arises, we will write V (ψ, f ) simply as V (f ). Similarly for X ∈ g, we define X(f ) := n X(n)f (n).
When the level is 1 and G is simply laced, H 0 admits a fermionic representation (cf. [PS] ), and we will denote the underlying Hilbert space by F . In fact, to each simple component G i of G there is a level 1 vacuum fermionic representation of LG i on F i , i = 1, ..., m, and 
Proof. First note it is sufficient to prove (1) in the case when
, V (ψ, f ) = V (l) and ξ is an eigenvector of D with eigenvalue µ. Note that
is a summation of 2 n of expressions of the form X
We will in fact prove the lemma for such expressions. We first prove this for level k = 1 and G is simple, and the representation is on F .
To avoid too many subscripts we will denote the fermionic creation or annilation operators simply by a(m). We only need the fact that a(m) increases the energy by m when acting an eigenvector of D and its norm is 1. Note in terms of a(m),
, and we have dropped all the subscripts. We will prove the lemma for
where there are n X, Y and we have dropped the subscripts for simplicity. Then V (l)ξ is a sum of 2 n of expressions of the form:
, where the sum is over finite number of m 1 , ..., m n 's, subject to certain constraint. Let us now show by induction on n that
, where e ≥ 1 depends only on V . When n = 1, it is contained in a proof on page 20 of [W2] . Suppose the statement is true for k < n. (1) is proved. Since the norm of a is 1, it follows from (1) that:
, where c, a depends only on V . Note (1+|µ−l|)
. So we have:
. Now let us consider the case when G is simple and level k > 1. On
, where in the second ≤ we use the result for k = 1. 
m , we have proved the lemma. (2) of the lemma is proved in similar way since V (ψ, f ) * are expressed in terms of expressions similar to V (ψ, f ) * .
) be skewsymmetric operator defined on H 0 0 , then by lemma 1 the domain of these operators can be extended to H 0 ∞ , and the closure of these operators with domain H 0 ∞ will be denoted by the same symbol. Also note that these operators are well defined on H 0 ∞ for smooth f by Lemma 1. Recall that an operator (not necessarily bounded) a is called affiliated with a von Neumann algebra M if U * aU = a for any unitary U ∈ M ′ (cf. P.16 of [Dix] ). This idea was used in [Mv] . Our goal is to show that these operators are affiliated with certain von Neumann algebra (cf. Prop.2.3 below). When no confusion arises, we will denote operators π 0 (V j (f )) simply by V j (f ), j = 1, 2.
Lemma 2. (1) The space of finite energy vectors
(2) Suppose M is a von Neumann algebra on H 0 with a generating self adjoint subset S ⊂ M ,i.e., S * = S and the C * algebra generated by S is dense in M in strong topology. If
Proof. Ad (1): Let x ∈ H 0 ∞ . Then one can find x n ∈ H 0 such that ||x n − x|| a → 0 with a > 0 sufficiently large, and by lemma 1,
Ad (2): Suppose y n → y ∈ M in the strong topology and
and for all x ∈ the domain of V (f ), it follows immediately that yx is in the domain of V (f ) and
and for all x ∈ the domain of V (f ). Since
, and H 0 0 is a core for V j (f ), it follows that
and for all x ∈ the domain of V j (f ). So
and for all x ∈ the domain of V j (f ) and finite n. (2) now follows from the definition.
Suppose p * = −p is a smooth test function. It follows from §3 of [GW] and the commutator theorem (cf. Th.X.37 of [RS] ) that X(p) is essentially skew-self adjoint with core H 0 0 , and
for any smooth functions p, f and x ∈ H 0 ∞ , where n is the energy of ψ;
, for any smooth functions p = −p * , f and x ∈ H 0 0 . Proof. Note for x, y ∈ H 0 0 , we have (cf. [KT] or [Kacv] ):
, where C z is the contour around z . Since H 0 0 is dense, we have:
, which is obviously true for f with finite number of non-zero Fourier coefficients and x ∈ H 0 0 , and it is true for any smooth function f and x ∈ H 0 ∞ by using approximation and Lemma 1 . By the same argument using lemma 1, we have:
for any smooth functions p, f . Note H 0 ∞ is a subset of C ∞ vectors of X(p) and V (f ), and by the assumption and lemma 1 it is easy to check that the map
, so (2) follows.
Let T be the maximal torus of G and ⊤ = Lie(T ). By §13.3 of [PS] , the level 1 vacuum representation of LG on Hilbert space F , is also an irreducible representation of LG if G is simply laced. Denote by π the representation of LG on F .
Lemma 4. Assume G is semisimple and simply laced.
(1) Let k ∈ N and x ∈ F 0 and v = exp(w(p)) with w ∈ ⊤, p = −p * , ||p|| k+1 < M . Then there exists a constant C which only depends on M, k and x ∈ F 0 such that 
Proof. Ad (1): The basic idea is contained in Prop.9.5.15 of [PS] and we will use the notations in [PS] . We can write LT ≃ Hom(S 1 , T ) × T × V , where T is the subgroup of constant loops, and V is the vector space of maps f : S 1 → ⊤ with integral 0, which is regarded as a subgroup of LT by the exponential map, and ⊤ is the Lie algebra of T . The identity component of the central extension of LT in our case is canonically a product T ×Ṽ , whereṼ is the Heisenberg group defined by a skew form S on V as defined on Page 63 of [PS] . The only property we need about S is |S(f, g)| ≤ ||f || 0 ||g|| 1 which follows from its definition. As in the proof of Prop.9.5.15 of [PS] , it is sufficient to prove the case when v ∈Ṽ and x is the Vacuum vector. In the notation there the action of v on Vacuum vector is given by:
, where ip = a +ā. Suppose a(z) = i<0 a i z −i−1 , and let
Note that ||a (s) || 0 = ||a|| s ≤ ||p|| s . We have:
, and
. This implies (1). Ad (2): By the observation on Page 267 of [PS] there exists an element Q ∈ G such that Q.v.Q −1 = X , where v ∈ ⊤. It follows that
up to a scalar as operators on F . Since the action of Q commutes with the action of rotation, (2) follows from (1). Ad (3): It is enough to consider the case when G is simple. Since any level l vacuum representation appears as a direct summand of F ⊗l , we just have to prove (3) for the representation π ⊗l , but this follows immediately from (2).
Lemma 5.
(1) If f, p = −p * are smooth functions, then
* be smooth functions on S 1 with support f ⊂ I and support
for any x ∈ H 0 ∞ , and by (3) of Lemma 5, the condition of (2) of lemma 3 is satisfied, and the identity follows by using lemma 3.
Ad (2): By Lemma 5, the condition of (2) of lemma 3 is satisfied, and the identity follows by using lemma 3.
Lemma 6. Let S be the set which consists of elements π 0 (exp(X(p))) with p = −p * smooth if X ∈ Lie(H), and p = −p * smooth,
Proof. Note S = S * . Since every element of L I G (resp.LH) is a product of exponentials in L I g (resp. Lh), cf. P.20 of [W2] (We use the fact that G, H are simply connected here), we just have to show every element of the form π 0 (exp(X(p))) with p = −p * smooth, supp p ⊂ I, and X ∈ g is in the von Neumann algebra M generated by S. Assume X = i c i X i , where c i ∈ R and X i is either X α or Y α . Note that π 0 (X(p)) and π 0 (X i (p)) are essentially skew self-adjoint operator with a common core H 0 0 . By abuse of notations, we will use the same symbol to denote its closure. Let a ∈ M ′ . Then we have:
for any x ∈ H 0 0 , and it follows that the closure of 
Proof. Assume first that G is simply laced. By lemma 5,
for any u ∈ S where S is the generating set as in Lemma 6 and x ∈ H 0 0 . Since u.x ∈ H 0 ∞ which lies in the domain of π 0 (V (f ) * ), it follows that
The proposition now follows from (2) of Lemma 2 and lemma 6. If G is not simply laced, suppose G ⊂ G 1 with G 1 simply laced and the level l vacuum representation of LG appears in the decomposition of the level l vacuum representation of LG 1 . Note by definition the vertex operator V (f ) with respect to G is also a vertex operator with respect to G 1 , and it is easy to see that Lemma 1 to Lemma 6 can be applied on the Vacuum representation of LG. Now the proposition is proved as in the simply laced case above.
The inclusions G ⊂ G 1 and G is simple with the property described in the previous paragraph are given by :
, which can be found in [BB] . When G is the product of simple groups, we can just take the products of the above inclusions. Now we can finish the proof of Th.2.3. Th.2.3 . Let ψ ∈ H 0,0 ⊗ Ω 0 be an eigenvector of D with eigenvalue n ∈ N. Note ψ = V (ψ, p)Ω with p = z −1 . Choose two smooth functions f 1 and f 2 with support on I and I c respectively and
Proof of
Since Ω is in the domain of |V |, it follows by Stone's theorem (cf. [RS] ) that as t → 0, (e it|V | Ω − Ω)/t → |V |Ω, and this shows
. It follows that ψ ∈ H by the expression given at the beginning of the proof.
Two Conjectures.

Conjecture 1. The covariant representations π i,α can be decomposed into a direct sum of finite number of irreducible representations and these representations generate a finite dimensional ring under the fusion product as mentioned in §2.1.
It is obvious that the conjecture 1 comes from the physical argument that the Coset (G/H) CFT is a rational CFT: there are only a finite number of "primary fields". Here the "primary field" corresponds to the representations. In some cases, e.g., G×G/G cosets, there are also conjectures on the structure constants of the ring (cf. [FKW] and [BBSS] ). More precisely the conjectures in [FKW] are about certain representations of W-algebras with critical parameters. The W-algebras defined in [FKW] in a special case seem to be closed related to the Coset G 1 × G m /G m+1 (cf: [Watts] ), for e.g., the representations in [FKW] have the same characters as those which come from the Coset. But unlike our present setting, the fusion in [FKW] is not defined. We shall call the vacuum sector of the Coset G 1 × G m /G m+1 Coset W-algebras with critical parameters, and if G = A N , the corresponding algebras are called Coset W N algebras with critical parameters . Note that Coset W 2 algebras with critical parameters are the vacuum sector of Virasoro algebras (cf. [GKO] ).
To state conjecture 2, let T G (z) (resp. T H (z)) be the energy-momentum tensor of LG (resp.LH) obtained by Sugawara-Segal construction and let T (z) = T G (z) − T H (z) = n L n z −n−2 (cf. [GKO] ) be the energy-momentum tensor of the Coset CFT. Then e −βL 0 is a trace-class operator on H i,α by [KW] . Denote by d i,α the statistical dimension (cf. [L4] or §4.1) of π i,α . Then we have: (cf.
[L5])
Conjecture 2 (also known as Kac-Wakimoto formula in [L5] ). :
Both of these conjectures are highly nontrivial. The results in [W2] prove these conjectures in the case G is of type A and H is a trivial group. For the case of SU (2) m × SU (2) 1 /SU (2) m+1 which corresponds to the minimal models, the above conjectures follow from the results of [Luke] . Note that Conjecture 2 immediately implies Kac-Wakimoto conjecture (cf. Conj.2.5 in [KW] ). In fact, Conjecture 2 can also be stated as:
by [KW] , where b(i, α) is defined as in §2 of [KW] with our (i, α) identified with (Λ, µ) in [KW] . Conj.2.5 in [KW] states that if (i, α) appears in the decomposition, then
. Conjecture 2 is stronger than this since d i,α ≥ 1 and b(0, 0) > 0. Also note that the Kac-Wakimoto hypothesis (cf. Page 161 of [KW] ) also implies Kac-Wakimoto conjecture, but the first counter-example to Kac-Wakimoto hypothesis has been found in [X2] by considering subfactors associated with conformal inclusions. So far Conjecture 2 and hence the Kac-Wakimoto conjecture have been checked to be true in all known examples. §3. Commuting Squares
Definition (cofiniteness). An inclusion H ⊂ G k is called cofinite if the inclusion
(π 0 (L I G) ′′ ∩ π 0 (LH) ′ ) ∨ π 0 (L I H) ′′ ⊂ π 0 (L I G) ′′
has finite statistical dimension. The statistical dimension of the inclusion is denoted by d(G/H).
Note that Conjecture 2 and [KW] implies the cofiniteness for any Coset. We shall drop the subscript k for simplicity. Note that we can replace π 0 by any level k representation of LG in the above definition due to the local equivalence of these representations.
Note that if H = {e} is a trivial group , then H ⊂ G is cofinite. This example shows that if H 1 ⊂ G is cofinite and H 1 ⊂ H 2 ⊂ G, it does not say much about whether or not H 2 ⊂ G is cofinite by taking H 1 = {e}. But we have:
This Prop. is proved by using commuting squares. Commuting squares where all the algebras are finite type can be found in reference [We] , [Po] . But we will consider the case where all the algebras are type III.
Since the modular group of π 0 (L I G) ′′ with respect to the Vacuum vector Ω is geometric and ergodic (cf. §2.1), it follows from Takesaki's theorem (cf. [MT] ) that the von Neumann algebras π
are factors, and there exist normal faithful conditional expectations
′′ , when ǫ ′ = ǫ 1 , ǫ 2 , ǫ respectively. Suppose H 1 , H 2 , G are semisimple and simply connected. Then we have:
(2) All three conditional expectations in (1) are minimal if ǫ has finite index.
Proof. Assume the Vacuum representation π 0 of LG decomposes with respect to LH 2 as:
, then with respect to LH 1 the decomposition is:
. Let P 1 be the projection from
, then it is easy to check that P 1 P 2 = P 2 P 1 := P . By Th.2.3 and Reeh-Schlieder Theorem (cf. [GL] )
and
. So for any x ∈ π 0 (L I G) ′′ , we have:
Since Ω is separating for π 0 (L I G) ′′ , (1) of lemma is proved. Note by Prop.2.2, the inclusions
′′ are irreducible, so ǫ i are unique and must be the minimal conditional expectation, i = 1, 2 if the index of ǫ is finite. It follows by [L6] that ǫ is also minimal.
Proof of Prop.3.1.
(1) As in the proof of lemma 3.1, suppose the Vacuum representation π 0 of LG decomposes with respect to LH 2 as:
, and let P 0 (resp. P 00 ) be the projection from
, where ⊗ is the tensor product of von Neumann algebras, since all the algebras above are type III factors. So the inclusion
, and by [L6] , its statistical dimension is d(H 2 /H 1 ). By Lemma 3.1, the normal faithful conditional expectation ǫ 1 , restricting to a normal faithful conditional expectation from π
(2) follows from (1) of lemma 3.1 and [L6] .
We consider some examples when Prop.3.1 can be applied. The conformal inclusion SU (n) m × SU (m) n ⊂ SU (nm) 1 has been considered in [X2] and the decomposition is given in [ABI] . Let H = SU (n) be the first factor in the above inclusion.
Proof. From the definition we have:
By [MT] , we just have to show that
where Ω is the vacuum vector. But this follows immediately from the decomposition of H 0 with respect to LSU (n)×LSU (m) in [ABI] and Reeh-Schlieder Theorem (cf. [GL] ).
By Lemma 3.2 and [W2], the inclusion SU
where the first inclusion is diagonal, by (1) of Prop.3.1 the diagonal inclusion SU (n) k+l ⊂ SU (n) k × SU (n) l is cofinite, and use (2) of Prop.3.1 repeatedly we conclude that the diagonal inclusion SU (n) k ⊂ SU (n) 1 × ... × SU (n) 1 is also cofinite, where there are k copies in the product. It follows by Prop.3.1 that
Suppose H k ⊂ G 1 is a conformal inclusion where G, H are type A and k is the Dynkin index. An infinite list can be found in [X2] . Let l ∈ N. Since H kl ⊂ H k × ... × H k is cofinite by the previous paragraph and ..x l−1 ) ∈ Z l−1 with x 1 + ... + x l−1 ∈ lZ such that (n ′ 1 , ..., n ′ l−1 ) = (n 1 + mx 1 , ...n l−1 + mx l−1 ). Denote the equivalence class of (n 1 , ..., n l−1 ) by [n 1 , ..., n l−1 ] or simply [n] , and they will be used to denote irreducible representations of LH.
Let H 0 be the Vacuum representation of SU (l) at level 1. Then (H 0 ) ⊗m decomposes with respect to LH as:
, where each H [n 1 ,...n l−1 ] is an irreducible representations of LH (cf. [PS] ). Let α ∈ LH × ... × LH be a loop of the form x × 1 × ... × 1, with x ∈ LH and winding number (x 1 , ..., x l−1 , −(x 1 + ...x l−1 )), and x 1 + ...x l−1 ∈ lZ. We can assume that α is localized on I. Then we have:
, where [n + x] = [n 1 + x 1 , ..., n l−1 + x l−1 ], and π [n] denote the irreducible representation of LH labeled by [n] . Note that Ad α is an automorphism of π 0 (LH), and so it is an automorphism of π
for any y ∈ A(J), where A(J) is the Vacuum sector for G/H. In fact let U [n] :
be unitary map intertwinning the action of LH and the action of Ad α .LH, and let W = V ⊗U :
, so we have
for any y ∈ A(J). Now choose x to have winding numbers (−n 1 , ..., −n l−1 , n 1 + ...
. So π 0, [n] has the same statistical dimension as π 0, [0] . If π 0,[0] is the vacuum representation, then we can conclude that the diagonal inclusion
We claim that π 0, [0] is indeed the vacuum representation. Note this does not follow directly from Th.2.3 since we assume H is simply connected in the theorem. However, if we take a careful look at Prop.2.3, we see what is proved is that the vertex operators in Prop.2.3 are affiliated with Von Neumann algebra
, where (LH) 0 is the connected component of LH that contains identity. Note that LH is generated as a group by (LH) 0 and a set of elements with non-trivial winding numbers, and we can certainly choose these elements to be in L I c H ⊂ L I c G, and so
. This shows Prop.2.3, and therefore Th.2.3 hold for any pair H ⊂ G as long as G is semisimple and simply connected. It follows now that Prop.3.1 can be applied to the present case for H ⊂ G m ⊂ G 1 ⊗ ... ⊗ G 1 since we only use Th.2.3 in its proof. So we conclude that H ⊂ G m is cofinite. To summarize, we have proved the following:
Corollary 3.1. The following inclusions are cofinite: [X1] . In this section we recall some of the results from [X1] which will be used in §4.2. We start with some preliminaries on sectors to set up notations.
Let M be a properly infinite factor and End(M ) the semigroup of unit preserving endomorphisms of M . In this paper M will always be the unique hyperfinite III 1 factors. Let Sect(M ) denote the quotient of End(M ) modulo unitary equivalence in M . We denote by [ρ] the image of ρ ∈ End(M ) in Sect(M ).
It follows from [L3] and [L4] that Sect(M ), with M a properly infinite von Neumann algebra, is endowed with a natural involution θ →θ ; moreover, Sect(M ) is a semiring.
Let ρ ∈ End(M ) be a normal faithful conditional expectation ǫ : M → ρ(M ). We define a number d ǫ (possibly ∞) by:
We define
d is called the statistical dimension of ρ. It is clear from the definition that the statistical dimension of ρ depends only on the unitary equivalence classes of ρ. The properties of the statistical dimension can be found in [L1] , [L3] and [L4] . Denote by Sect 0 (M ) those elements of Sect(M ) with finite statistical dimensions. For λ, µ ∈ Sect 0 (M ), let Hom(λ, µ) denote the space of intertwiners from λ to µ, i.e. a ∈ Hom(λ, µ) iff aλ(x) = µ(x)a for any x ∈ M . Hom(λ, µ) is a finite dimensional vector space and we use λ, µ to denote the dimension of this space. λ, µ depends only on [λ] and [µ]. Moreover we have νλ, µ = λ,νµ , νλ, µ = ν, µλ which follows from Frobenius duality (See [L2] or [Y] ). We will also use the following notation: if µ is a subsector of λ, we will write as µ ≺ λ or λ ≻ µ. A sector is said to be irreducible if it has only one subsector.
Let M (I) be a vacuum sector on Hilbert space H 0 . Suppose N (I) is a vacuum sector and π 0 is a covariant representation of N (I) such that π 0 (N (I)) ⊂ M (I) is a directed standard net as defined in Definition 3.1 of [LR] for any directed set of intervals. Fix an interval I and denote by N := N (I), M := M (I). For any covariant representation π λ (resp. π i ) of the vacuum sector associated with {N (J)∀J} (resp. {M (J)∀J}), let λ (resp. i) be the corresponding localized endomorphism of N (resp. M ) as defined in §2.1 of [GL] . Let π i be a covariant representation of {M (J)∀J} which decomposes as:
when restricted to {N (J)∀J}, where the sum is finite and b iλ ∈ N. Let γ i := λ b iλ λ be a sector of N . It is shown (cf.
(1) of Prop.2.8 in [X1] ) that there are sectors ρ, σ i ∈ Sect(N ) such that:
Notice that σ i are in one-to-one correspondence with covariant representations π i , and in fact the map i → σ i is an isomorphism of the ring generated by i and the ring generated by σ i . The subfactorρ(N ) ⊂ N is conjugate to π 0 (N (I)) ⊂ M (I) (cf. (2) of Prop.2.6 in [X1] ). Now we assume π 0 (N (I)) ⊂ M (I) has finite index. Then for each localized sector λ of N , there exists a sector denoted by a λ such that the following theorem is true (cf. [X1] ):
. (3) (6).
Proof.
(1) to (4) follows from Th.3.1, 3.3, Cor.3.2, lemma 3.4, 3.5 of [X1] , (5) is proved on P.9 of [X2] , and (6) is proved on P.387 of [X1] . It should be noted that these results in §3 of [X1] are stated for conformal inclusions, but it is easy to see that all the proof there applies word by word to the present setting.
4.2 The structure of the ring. We will apply the results of §4.1 in the case when
′′ under the assumption that H ⊂ G k is cofinite, where A(I) is the defined as in §2.1 for the coset G k /H. It is easy to see that if H ⊂ G k is cofinite, π 0 (N (I)) ⊂ M (I) satisfies all the conditions of theorems in §4.1. Thus for every localized endomorphisms λ of N (I) we have a map a : λ → a λ .
, where
Note that the sector of ρ ∈ End(N ) is denoted by [ρ] in [X1] . We will denote the sector of ρ by ρ for simplicity. 
, where all the summations are finite. Then:
, where ρ 1 , σ 1 are in End(A(I)), and ρ 2 , σ 2 are in End(π 0 (L I H) ′′ ).
(1) follows immediately from the definitions. By (1), we just have to show (2) in the case that ρ 1 , σ 1 , ρ 2 , σ 2 are irreducible sectors. It is obvious that if ρ 1 ≃ σ 1 , ρ 2 ≃ σ 2 as sectors, and ρ 1 ⊗ ρ 2 and σ 1 ⊗ σ 2 are in End(N (I)), then ρ 1 ⊗ ρ 2 ≃ σ 1 ⊗ σ 2 as sectors of N (I). Now suppose ρ 1 ⊗ ρ 2 ≃ σ 1 ⊗ σ 2 as sectors of N (I). This means there exists a unitary u ∈ N (I) such that:
By P.123 of [Stra] , there exists normal conditional expectation E : N (I) → A(I) ⊗ 1 such that E(u) = 0. Applying E to the above equation and set y = 1, we have:
. Since ρ 1 , σ 1 are irreducible and E(u) = 0, it follows that ρ 1 ≃ σ 1 as sectors. Similarly one can show that ρ 2 ≃ σ 2 as sectors.
Recall from §2.1 the sectors π i,α of A(I) are obtained in the decompositions of π i of LG with respect to subgroup LH, and we will denote the set of such (i, α) by exp. Let U (I) be a unitary operator from H i,α to H 0,0 such that:
. Let W := U (I c )U (I) * , and define
. Then it follows from the definition that (i, α)(x) commutes with A(I c ). By Haag duality, (i, α)(x) ∈ A(I), ∀x ∈ A(I), and so
. Given such (i, α), we define (i, α) ⊗ 1 ∈ End(N (I)) by:
. It is easy to see that (i, α)⊗1 corresponds to the covariant representation π i,α ⊗π 0 of N (I). Note that this notation agrees with our tensor notation above. It is also easy to see that for any covariant representation π of A(I), we can define a localized sector x ⊗ 1 of N (I) in the same way as in the case π = π i,α . Each covariant representation π i of LG gives rise to an endomorphism σ i ∈ End(N (I)) and
where the summation is over those α such that (i, α) ∈ exp. (1). Let x, y be sectors of A(I) which appear in finite sum and product of sectors corresponding to covariant representations π i,α of A(I). Then
Proof. Ad (1): Since π i has finite statistical dimension and H ⊂ G is cofinite,
Note that {A(J), ∀J} is 3-regular in the sense of [GL2] by its definition and Th.F of Chap.2 of [W2] . Since x, y have finite index , they correspond to covariant representations of {A(J), ∀J} by [GL2] . Hence x ⊗ 1, y ⊗ 1, a x⊗1 , a y⊗1 are well defined. By Th.4.1, we have
, where in the last identity we used (2) of lemma 4.2. Note 1, δ is equal to 1 iff δ corresponds to the vacuum representation of LH, and when δ is the vacuum representation, (0, δ) corresponds to the representation π 0,0 of A(I), which by Th.2.3, is the vacuum representation of A(I), and corresponds to the identity sector. So we have:
, and the proof of (1) is complete.
Ad (2): Since π i has finite statistical dimension and H ⊂ G is cofinite, d (i,α) < ∞, ∀(i, α) ∈ exp, and we can assume (i, α) = j m j x j , where the sum is finite, m j ∈ N, and x j is irreducible. Note that x j is also a localized endomorphism of A(I) (cf. Prop.2.2 of [GL] ), so a x j ⊗1 is well defined, and it follows from (1) that a x j ⊗1 is also irreducible. Note by Th.4.1
. By using Th.4.1 and lemma 4.2 we have:
follows immediately from (2) and the fact that (i, α) and a (i,α)⊗1 has the same statistical dimension. (1) Recall that the set of integrable weights of the affine algebra SL(N ) at level k is the following subset of the weight lattice of SL(N ):
where h = k + N . This set admits a Z N automorphism generated by
. We define the color τ (λ) :≡ i (λ i − 1)imod(N ) and Q to be the root lattice of SL(N ) (cf. §1.3 of [KW] ).
As in §4.2, we use i (resp.α) to denote the irreducible positive energy representations of LG (resp.LH). To compare our notations with that §2.7 of [KW] , note that our i is (Λ ′ , Λ ′′ ) of [KW] , and our α is Λ of [KW] . We will identify i = (Λ ′ , Λ ′′ ) and α = Λ where Λ ′ , Λ ′′ , Λ are the weights of SL(N ) at levels m
Then the fusion coefficients N
)of LG (resp. LH) are well known and they are given by Verlinde formula (cf. [W2] and [Kac] ). Recall π i,α are the covariant representations of the coset G/H. The set of all (i, α) := (Λ ′ , Λ ′′ , Λ) which appears in the decompositions of π i of LG with respect to LH is denoted by exp. This set is determined on P.194 of [KW] to be (
. This is also known as diagram automorphisms since they corresponds to the automorphisms of Dykin diagrams. Note that this Z N action preserves exp and therefore induces a Z N action on exp. For each (i, α) ∈ exp, we will denote by [i, α] its orbit in exp under the Z N action. 
. Then the compositions (fusion products) are given by: 
, where 1 in the last = stands for the identity sector of A(I), which by Th.2.3, corresponds to the representation π 0,0 . By (2.7.12) of [KW] , π 0,0 appears in π j,β iff there exists σ ∈ Z N such that σ(0, 0) = (j, β), where 0 is used to denote the vacuum representation of G and H. Since (cf. [Wal] ) . Ad (1): We will prove (1) by using an "exhaustion" trick similar to the one used in §3 of [X3] . Suppose (i, α) = (i ′ , α ′ ) = (0, α), where 0 denotes the Vacuum sector of LG. It is easy to see that σ(0, α) = (0, α) iff σ = 1. So we conclude from (*) that a 1⊗ᾱ is irreducible. By (2) of Prop.4.2, a 1⊗ᾱ = a (0,α)⊗1 if (0, α) ∈ exp, and so d (0,α) = d α .
Note that for fixed i, the statistical dimension of ρσ iρ is given by α d i,α d α where the sum is over those α with (i, α) ∈ exp, which will be denoted by exp i . So d , where the first ≥ follows from the fact that a 1⊗ᾱ σ i , a 1⊗ᾱ ′ σ i ′ are irreducible, and the second ≥ follows from (*). So we must have
, and by (1) of Prop.4.2 (i, α) = (i ′ , α ′ ). Ad (3): Note that if (i, α) ∈ exp, (j, β) ∈ exp, by (1) and Th.4.1 we have:
. Note by the characterization of exp (cf. P.194 of [KW] ) and 4.3.4 of [FKW] , if N k ij N δ αβ = 0, then (k, δ) ∈ exp. Using (1) again we have:
, and (3) now follows from (1) of Prop.4.2 and (2).
Ad (4): (4) follows from (1) and the explicit formula given on P.193 of [KW] .
Note it is easy to see from (*) and (1) in the proof that if σ(i, α) = (i, α) for some σ = id, (i, α) ∈ exp, then a (i,α)⊗1 is not irreducible, and hence (i, α) is not irreducible by (1) of Prop.4.2. This happens in the case when N = 2, m ′ ∈ 2N and m ′′ = 2, which is related to supersymmetric conformal algebras (cf. P.195 of [KW] ).
Recall from §2.4 Coset W N algebras is defined to be the Vacuum sector of SU (N ) 1 × SU (N ) m /SU (N ) m+1 , which obviously satisfies (1) to (4) of Th.4.3. For N = 2, Th.4.3 is obtained in [Luke] by different methods. So we obtain a proof of a long-standing conjecture about representations of Coset W N (N > 2) algebras with critical parameters, which is similar in the type A case to the conjecture 3.4 and Th. 4.3 stated in §3 and 4 of [FKW] . To compare (3) of Th.4.3 to Th.4.3 of [FKW] , note that (p, p ′ ) in [FKW] is identified with (m ′ , m ′ + 1) in our case, and (λ i , λ [FKW] can be easily checked to be the same as (3) of Th.4.3 under the assumptions of Th. 4.3 in [FKW] .
It is worth to note that in our present framework the composition (fusion product) is manifestly unitary, and certain expected properties like associativity follows naturally, and it is not defined in [FKW] (cf. P. 2 of [FKW] ).
We end this section by noting that for G of types other than A, similar results as Th.4.3 can be proved under assumptions similar to that of Th.4.2. We will discuss this in a seperate publication.
4.4 More examples. Let us consider the case H ⊂ G m with G = SU (l) and H is the Cartan subalgebra of G, a l − 1 dimensional torus. Recall the equivalent relation on Z l−1 in §3.1 defined by: (n 1 , ..., n l−1 ) ∼ (n ′ 1 , ..., n ′ l−1 ) iff there exists (x 1 , ...x l−1 ) ∈ Z l−1 with x 1 + ... + x l−1 ∈ lZ such that (n ′ 1 , ..., n ′ l−1 ) = (n 1 + mx 1 , ...n l−1 + mx l−1 ). Denote the equivalence class of (n 1 , ..., n l−1 ) by [n] := [n 1 , ..., n l−1 ] or simply [n], and they are be used to denote irreducible representations of LH.
Let Λ be an irreducible weight of SU (l) at level m. Let τ (Λ) be the color of Λ , see §4.3. Then:
, cf. [PS] . So the set exp = {(Λ, [n]), |( i n i − τ (Λ)) ∈ lZ} is determined, and (i, α) = (Λ, [n] 
